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Abstract
We study the lattice thermal conductivity of
two-dimensional (2D) pentagonal systems, such
as penta-silicene and penta-germanene. Penta-
silicene has been recently reported,1 while the
stable penta-germanene, belonging to the same
group IV element, is revealed firstly by our ab
initio calculations. We find that both penta-
silicene and penta-germanene at room temper-
ature have ultralow lattice thermal conductivi-
ties κ of 1.29 W/mK and 0.30 W/mK respec-
tively . To the best of our knowledge, penta-
germanene may have the lowest κ in 2D crystal
materials. We attribute ultralow κ to the weak
phonon harmonic interaction and strong anhar-
monic scattering. A small phonon group veloc-
ity, a small Debye frequency, a large Gru¨neisen
parameter, and a large number of modes avail-
able for phonon-phonon interplay together lead
to the ultralow κ of penta-silicene and penta-
germanene. These discoveries provide new in-
sight into the manipulation of ultralow κ in 2D
materials and highlight the potential applica-
tions of designing silicon and germanium based
high thermoelectric materials.2
1 Introduction
Except for oxygen, silicon is the most abundant
element in Earth’s crust (27.7%). Since the
1950s, the development of computer technol-
ogy and the microelectronics industry is based
on silicon chips. According to Moore’s law,
the number of transistors consisting of a chip
will be doubled around every 18 months. How-
ever, this rule may become deviated due to the
tremendous difficulty of scaling down the con-
ventional silicon transistors.3 Recently, nano-
materials, similar to thin-films, have attracted
much attention for more superior transistors.4
Silicene, as a representative 2D materials of
group IV elements, has been successfully made
into field-effect transistors.5 However, the main
drawback for silicene as a transistor material is
the absence of a band gap for the on/off ratio.6
In 2014, penta-graphene with a Cairo pentago-
nal tiling, as a new carbon allotrope, was firstly
predicted and has focused attention on the pen-
tagonal system.7–10 However, penta-silicene, as
a new successor of penta-graphene, has been re-
ported to be unstable due to imaginary frequen-
cies of phonon dispersion.11,12 Recently, Guo et
al.1 proposed that tilting the Si dimers would
reduce the Coulomb interaction and stabilize it.
Besides, they also reported the strong ferroelec-
tricity with a high Curie temperature of 1190 K
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Figure 1: Ball-and-stick model of the 2D
pentagonal system of a 3 × 3 supercell in
(a) top view (penta-graphene, penta-silicene
and penta-germanene). Side views of penta-
graphene are shown in (b) and of penta-silicene
or penta-germanene are shown in (c). The
primitive cell is indicated by the purple shading
in (a). ~a1 and ~a2 are the corresponding lattice
vectors and d is the buckling distance. The ef-
fective thickness h is defined as the summation
of d and two van der Waals radii of the outmost
surface atom of structure.13
of penta-silicene. However, a study of the lat-
tice conductivity is lacking. Moreover, it is also
interesting to find a stable penta-germanene in
group IV element.
In this study, we explore the lattice thermal
conductivities and thermal transport properties
of penta-silicene and penta-germanene based on
ab initio calculations. We find that both penta-
silicene and penta-germanene have ultralow κ of
1.29 W/mK and 0.30 W/mK at 300 K, which
are much lower than the penta-graphene of
645 K. These may be the lowest κ in 2D crystal
materials based on our collected data. We at-
tribute both ultralow κ to the weak phonon har-
monic interaction and strong anharmonic scat-
tering. We hope these discoveries will make a
contribution to the thermal transport of 2D ma-
terials and silicon’s energy harvesting power.2
2 Results and discussion
The optimized structure of the 2D pentagonal
system (penta-silicene or penta-germanene) is
shown in Figure 1. The top views of penta-
graphene and penta-silicene (penta-germanene)
are identical and the side views have slightly
difference (distortion).7 There are 6 atoms in
the square primitive cell indicated by the pur-
ple shading. Two hybridized types of the
chemical bond can be found in this pentago-
nal system. One is sp3 with four coordina-
tion numbers and the other is sp2 with three
coordination numbers. From another perspec-
tive, every 4 pentagons can form a larger 10-
sided shape of “boat” in the top view and
these pentagons in the side view like a “lad-
der”. The lattice constants are |~a1| = |~a2|
= 3.64 A˚ for penta-graphene,7 |~a1| = |~a2|
= 5.58 A˚ for penta-silicene, and |~a1| = |~a2|
= 5.67 A˚ for penta-germanene. According
to group theory, regular pentagon, different
from the equilateral triangle, quadrangle, and
hexagon, can not be periodically arranged in
a whole plane. Hence, all 2D pentagon has
an intrinsic buckling to keep energetic stabil-
ity.14 As the atomic radius increases in group
IV element, the buckling distance d reason-
ably increases from 1.2 A˚ for penta-graphene7
to 2.44 A˚ and 3.32 A˚ for penta-silicene and
penta-germanene, respectively.
In order to verify the stabilities of penta-
silicene and penta-germanene, we calculated
the phonon dispersions shown in Figure 2(a)
and Figure 2(b). There are 18 phonon branches
due to 6 atoms in the primitive cell. Owing
to the membrane effect, 2D materials have a
linear transverse acoustic (TA), a linear lon-
gitudinal acoustic (LA), and a quadratic out-
of-plane acoustic (ZA) phonon modes around
the Γ point.15 All phonon frequencies are free
from the negative values, indicating dynam-
ical stabilities. Since the averaged phonon
frequency is inversely proportional to the
atomic mass, the maximum vibrational fre-
quencies are significantly suppressed from the
penta-graphene7 of 1666.5 cm−1 to the penta-
silicene of 497.7 cm−1 and finally to the penta-
germanene of 250.7 cm−1, indicating a gradu-
ally decreasing trend of the harmonic phonon
strength and interatomic bonding.
A large frequency gap between acoustic and
optical phonons (a-o gap) generally leads to
a high lattice thermal conductivity κ,16 such
as cubic boron arsenide with 2240 W/mK (a-
o gap ≈ 306.6 cm−1)17 and MoS2 with 103
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Figure 2: Phonon dispersions of (a) penta-silicene and (b) penta-germanene. In the first Brillouin
zone, the high symmetry k points are: Γ(0 0 0), X(1/2 0 0), S(1/2 1/2 0) and Y(0 1/2 0). Three
acoustic phonon branches, which correspond to an out-of-plane (ZA) mode, an in-plane transverse
(TA) mode, and an in-plane longitudinal (LA) mode, are marked. Phonon velocity squared of (c)
penta-silicene and (d) penta-germanene along x-axis and y-axis with mode resolution.
W/mK (a-o gap ≈ 52 cm−1).18 From the op-
posite side, a small a-o gap is highly desirable
for designing ultralow κ materials. The zero a-
o gap is found in Figure 2(a) and Figure 2(b)
for penta-silicene and penta-germanene. This
imply strong acoustic-optical phonon scatter-
ing and ultralow κ in penta-silicene and penta-
germanene.15
Group velocity, defined by the ~υ = dω/d~q, is
one of the key parameters in determining the
final κ. Because it is a vector (negative sign
represents the opposite direction), we use the
scalar |~υ|2 to study the phonon transport of
penta-silicene and penta-germanene with mode
resolution along x-axis and y-axis, shown in
Figure 2(c) and Figure 2(d). Penta-silicene has
a larger |~υ|2 than penta-germanene no matter
along the x-axis and y-axis. Along both of
them, larger |~υ|2 are found in acoustic phonon
modes (colorful dot/cubic) than optical phonon
modes (black dot/cubic), indicating a more dis-
persive behavior of acoustic branches compared
to the optical phonon modes. The LA mode of
penta-silicene along Γ-X is quite different from
of it along Γ-Y shown in Figure 2(a) and Fig-
ure 2(c), suggesting a large anisotropic phonon
property along x-axis and y-axis. However,
penta-germanene is almost isotropic shown in
Figure 2(b) and Figure 2(d). On the whole, the
phonon transport at the group velocity level is
significantly suppressed for penta-silicene and
penta-germanene compared with the penta-
graphene.19
In undoped semiconductors and insulators,
phonons, rather than electrons, are the main
carrier for the heat transport. In the frame-
work of relaxation time approximation (RTA)
and Boltzmann equation, lattice thermal con-
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Figure 3: Lattice thermal conductivity of
penta-silicene and penta-germanene as a func-
tion of temperature along x-axis and y-axis
from the Boltzmann transport equation. 1/T
fittings are shown in the dashed lines, indicating
a dominant Umklapp process of phonon-phonon
scattering that brings about the thermal resis-
tivity.
ductivity κ with phonon modes λ and wave vec-
tor q can be obtained:15
καβ =
1
V
∑
λ
Cλυλαυλβτλ, (1)
in which V is the volume of the primitive cell,
Cλ, τλ, and υλα are the specific heat, relaxation
time, and group velocity in the Cartesian di-
rection α of each single phonon mode λ (ν, q),
respectively. Generally, there are two types of
phonon-phonon scattering. One is the Umk-
lapp (U) process and the other is the Normal
(N) process. The former is the only contribu-
tor to thermal resistance. To solve the single-
mode RTA equation, the N process can not be
excluded from the whole scattering rates and
is wrongly regarded as same as the U process.
Hence, we use the corrected result after adopt-
ing iterative procedure (removal of the N pro-
cess).20,21
Figure 3 shows the calculated κ of penta-
silicene and penta-germanene along the x-axis
and y-axis. Although the lattice constants
along the x-axis and y-axis are the same,
the κ values of heat transport are obviously
anisotropic. At room temperature, κ of penta-
silicene are 1.66 W/mK along the x-axis and
1.29 W/mK along the y-axis. For penta-
germanene, the κ are reduced to 0.38 W/mK
and 0.30 W/mK along both directions, imply-
ing a strong anisotropic heat transport prop-
erty. This is quite different from that of
penta-graphene which has an isotropic κ of
645 W/mK at 300 K.19 The anisotropy ra-
tio (κx/κy) is 1.29 for penta-silicene and 1.25
for penta-germanene, respectively. This phe-
nomenon can be derived from the anisotropic
phonon dispersions and phonon group ve-
locities shown in Figure 2. This in-plane
anisotropic property may attract more atten-
tion to orientation-dependent thermal devices22
and increase the diversity of the 2D pentagonal
system in group IV elements.
Table 1: Relevant thermal properties of silicon
and germanium based 2D materials, as well as
penta-graphene. ωaD (THz), ω
o
Γ (THz) and κ
(W/mK) are the largest acoustic phonon fre-
quency (Debye frequency), lowest optical phonon
frequency at Γ point and lattice thermal conduc-
tivity at 300 K, respectively. All intrinsic κ is the
smaller one if the material is anisotropic along x
and y directions.
Materials ωaD ω
o
Γ κ
Silicenea 6.00 5.70 9.40
Germaneneb 2.91 5.10 2.38
SiTe2
c 2.77 2.34 2.27
Penta-Cd 14.8 17.5 645
Penta-Sie 3.01 2.89 1.29
Penta-Gee 1.75 1.52 0.30
a Hexagonal silicene.23 bHexagonal germanene.24 c1T-
SiTe2.
25 dPenta-graphene.7 ePresent work.
According to the Slack model for bulk mate-
rials, there are two vital parameters correlated
with κ. One is the largest acoustic phonon fre-
quency (Debye frequency) ωaD, and the other
one is the Gru¨neisen parameter γ.26 Long-wave
(acoustic) phonons are the main contributors to
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the heat transport. A low ωaD, usually, means
a small κ. The calculated ωaD are shown in Ta-
ble 1. In order to compare, we also list other
silicon and germanium based 2D materials. Sil-
icene and germanene are the representatives of
hexagonal lattice and SiTe2 belongs to TMDs
27
and is regarded as a superior thermoelectric ma-
terial.25,28 Based on Table 1, we can find that
κ is proportional to the ωaD, verifying the cor-
rectness of the Slack model prediction in 2D
materials qualitatively.
More importantly, penta-silicene and penta-
germanene have the lowest κ in all silicon and
germanium based 2D materials. Based on our
previous collection,15 penta-germanene has the
smallest κ of 0.30 W/mK in the 2D family. This
ultralow κ is highly desirable for the ultrahigh
thermoelectric material since κ is inversely pro-
portional to the efficiency of conversion from
the heat energy to the electrical energy.29 Be-
sides, as temperature increases, κ decreases sig-
nificantly for the pentagonal system. The κ
can be well described by κ ∝ 1/T, indicating
the dominant phonon-phonon Umklapp scat-
tering in penta-silicene and penta-germanene.
As temperature increases to 600 K, κ is fur-
ther suppressed to 0.86 W/mK and 0.66 W/mK
along the x-axis and y-axis for penta-silicene,
while they are 0.19 W/mK and 0.15 W/mK for
penta-germanene.
According to the Eq. (1) and the Slack model,
anharmonic phonon property also has a large
effect on thermal transport and κ. Specifi-
cally, the phonon relaxation time relies on two
components: (i) the intensity of each phonon-
phonon scattering mode. This quantity can be
reflected by the mode-dependent Gru¨neisen pa-
rameter γ which is defined as8
γ = − dlnω
dlnV
, (2)
where phonon frequency ω is a function of band
indexes ν, and wave vector q. (ii) the total
number of phonon-phonon scattering modes.
Each available phonon scattering mode must
simultaneously satisfy the energy and quasi-
momentum conservations. This process can be
quantitatively described by the volume of the
scattering phase space P3 for three-phonon pro-
cesses.30,31 These two parameters finally enter
into the three-phonon scattering rates, written
as
Γ+λλ′λ′′ =
~pi
4
f ′0 − f ′′0
ωλωλ′ωλ′′
∣∣V +λλ′λ′′∣∣2 δ(ωλ+ωλ′−ωλ′′),
(3)
Γ−λλ′λ′′ =
~pi
4
f ′0 + f
′′
0 + 1
ωλωλ′ωλ′′
∣∣V −λλ′λ′′∣∣2 δ(ωλ−ωλ′−ωλ′′),
(4)
where Γ+λλ′λ′′ and Γ
−
λλ′λ′′ stand for the absorption
and emission processes.20 The Gru¨neisen pa-
rameter γ is proportional to the scattering ma-
trix elements
∣∣V ±λλ′λ′′∣∣ and the number of Dirac
delta distributions is equal to P3. We can find
that three-phonon scattering rates Γλλ′λ′′ are
closely positive correlated with γ and P3. We
will discuss the anharmonic phonon behavior of
the 2D pentagonal system from the above two
important factors.
According to the Eq. (2), γ provides the an-
harmonic phonon property and a large γ means
a large anharmonicity. The calculated γ of
penta-silicene and penta-germanene with mode
resolution is shown in Figure 4. It is found that
acoustic phonon modes for both materials have
large negative γ, while optical phonon branches
have small positive γ. Like graphene, a nega-
tive sign of γ, generally implies a negative ther-
mal expansion that will mitigate the thermal
strain and stress in high-temperature electronic
devices.32,33 Based on the previous work, γ of
ZA mode for penta-graphene is large, however,
γ of TA and LA phonon modes are quite small
(around zero).19 This situation is different from
that of penta-silicene and penta-germanene. γ
of TA mode in penta-silicene (green dot) has
the averaged value of around −10 but smaller
than that of penta-germanene with an averaged
value of around −15 (green cubic). From this
angle, penta-germanene has the largest anhar-
monic interactions with mode resolution in the
2D pentagonal system.
The calculated P3 of penta-silicene and penta-
germanene are shown in Figure 4(c) and Fig-
ure 4(d). Evidently, P3 of penta-germanene
is larger than that of penta-silicene, indicat-
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Figure 4: The Gru¨neisen parameter γ of (a) penta-silicene and (b) penta-germanene as a function of
the phonon frequency with mode resolution. Phase-space volume P3 for three-phonon anharmonic
scattering process of (c) penta-silicene and (d) penta-germanene. P3 is inversely proportional to
the lattice thermal conductivity κ qualitatively.
ing a larger number of phonon-phonon scatter-
ing channels. P3 of penta-silicene is smaller
than that of penta-graphene.19 Therefore, we
can conclude that the difference of κ between
penta-silicene and penta-graphene originates
from the Gru¨neisen parameter γ and group
velocity υ, rather than the volume in phase
space P3. Specifically, a larger γ, a larger P3,
and a smaller υ lead to a smaller κ of penta-
germanene compared to the penta-silicene.
The above two independent factors (γ and P3)
finally lead to one vital parameter called three-
phonon scattering rates (reciprocal of the re-
laxation time) shown in Eq. (3) and Eq. (4).
This quantity directly enters the κ shown in Eq.
(1). A large anharmonic scattering rate needs a
large γ and P3 concurrently. The calculated an-
harmonic scattering rates of penta-silicene and
penta-germanene are shown in Figure 5(a) and
Figure 5(b). Overall, the anharmonic scatter-
ing rates of both are comparable. However, the
anharmonic scattering rates of LA mode in Fig-
ure 5(a) in penta-silicene are quite larger than
that of penta-germanene Figure 5(b). There is
an interesting region of large acoustic-optical
phonon scattering located from 40 cm−1 to
90 cm−1 in penta-silicene, indicating strong
phonon-phonon interactions between acoustic
phonons and optical phonons. This originates
the special phonon dispersion shown in Fig-
ure 2(a). Compared with the penta-germanene,
penta-silicene has a larger cross-region between
acoustic phonons and optical phonons, which
makes more easier to simultaneously satisfy the
energy and quasi-momentum conservations.
To further explore the underlying phonon
scattering mechanism, we plot the mode con-
tribution of three acoustic phonons to the κ for
penta-silicene and penta-germanene shown in
Figure 5(c) and Figure 5(d). Only two types
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Figure 5: Calculated anharmonic scattering rates of (a) penta-silicene and (b) penta-germanene
with mode resolution at 300 K. The normalized contribution of three acoustic phonon branches to
the lattice thermal conductivity κ along the (c) x-axis and (d) y-axis as a function temperature.
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Figure 6: (a) The cumulative lattice thermal conductivity κ as a function of the phonon mean free
path of penta-silicene (solid lines) and penta-germanene (dashed lines) along x-axis and y-axis at
300 K. (b) κ as a function of sample size based on the Eq. (6) at 300 K.
of scattering processes are allowed here. One
is the scattering within three acoustic phonons
and the other one is the scattering between
two acoustic phonons (one acoustic phonon)
and one optical phonon (two optical phonons).
In x-axis, LA and TA modes dominate the
heat transport and ZA mode only contributes
around 12.5% in penta-silicene at 300 K. For
7
penta-germanene, LA mode contributes 38%
and ZA mode contributes 30% to the κ at
the same temperature. This is quite differ-
ent from that in graphene where 75% κ orig-
inates from the ZA phonon mode.34 In the y-
axis, the situation is a little different. LA mode
still contributes most to the κ in both materi-
als while the TA’s contribution is quite small.
This anisotropic property of phonon mode con-
tribution can be traced back to the anisotropic
phonon group velocity shown in Figure 2.
Furthermore, we also evaluate the cumulative
κ with respect to the phonon mean free path for
both penta-silicene and penta-germanene along
x and y-axis at 300 K shown in Figure 6(a). In
order to obtain the characteristic length l0, we
use a single parametric function20
κ(l ≤ lmax) = κ0
1 + l0/lmax
, (5)
in which l0 is the only parameter to be deter-
mined. lmax and κ0 are the maximum mean free
path and ultimately cumulative κ. The calcu-
lated cumulative κ of penta-silicene and penta-
germanene are shown in Figure 6. The fitted
parameters, for penta-silicene are 9.95 nm and
13.69 nm along the x-axis and y-axis. Simi-
larly, l0 are 4.18 nm and 3.23 nm for penta-
germanene along both directions. This charac-
teristic length l0 can be regarded as a represen-
tative mean free path of materials. A low l0
means a low mean free path of phonon-phonon
scattering. Due to Moore’s Law, the size of
the electronic devices is still decreasing and the
role of heat transport in these nanomaterials
is becoming increasingly more crucial to mod-
ern transistors. Besides, l0 can be evaluated
the different types of phonon behavior such as
ballistic transport, diffusive transport, super-
diffusive transport, and hydrodynamics.35–38 In
penta-graphene, l0 equals 278 nm when cumu-
lative κ reaches 50% of the total κ,19 while the
values of l0 reduced significantly to 14.2 nm for
penta-silicene and 3.2 nm for penta-germanene
along the y-axis, respectively. Furthermore, the
κ of penta-silicene and penta-germanene can
be further suppressed by inducing the phonon-
boundary scattering and isotope effect scatter-
ing.
In reality, electronic devices must have a
length scale. Hence, scattering between bound-
ary and phonons becomes a very important
factor in thermal transport at the nanoscale.
Specifically, the boundary scattering has been
well described and verified in 2D materials, such
as in graphene.39 The semi-empirical formula
can be written as39,40
1
τb
=
υνq
L
, (6)
in which L and ννq represent the material size
and phonon group velocity. This part of the
scattering rate will be added to the phonon-
phonon scattering rate using the Matthiessen’s
rule 1/τtotal = 1/τp−p + 1/τb.41 The calculated
κ of penta-silicene and penta-germanene as a
function of sample length L are shown in Fig-
ure 6(b). As L decreases from 100 nm to 10 nm,
the κ reduces following an exponential function
κ ∝ log L due to the strong boundary effect,
which has been experimentally verified in sus-
pended graphene in 2014.42
For an instance, when L is equal to 1 µm, the
κ of penta-silicene are reduced to 1.59 W/mK
and 1.17 W/mK along the x and y-axis, while
the κ of penta-germanene are suppressed to
0.37 W/mK and 0.29 W/mK along both direc-
tions. When L equals 100 nm, the κ of penta-
silicene has 80% and 72% percents along the
x and y-axis compared with the κ of material
with infinite size. Similarly, the κ of penta-
germanene has 90% and 93% percents along x
and y-axis. In this sense, the κ of penta-silicene
is more sensitive to the sample length L with
respect to the penta-germanene. The reason is
that, for an instance, the characteristic lengths
l0 of penta-silicene and penta-germanene are
14.2 nm and 3.2 nm along the y-axis. Hence,
at the same length (for example, 1µm), more
phonons can be scattering by the boundary in
penta-silicene than that of penta-germanene.
We also calculate the electronic thermal con-
ductivity based on the WiedemannFranz law,
we find that electronic thermal conductivity is
much lower than lattice thermal conductivity
and can be neglected for low concentration dop-
ing (n¡1012 cm−2). As the carrier concentra-
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tion doping increases, the electronic conductiv-
ity increases and electronic thermal conductiv-
ity increases simultaneously (1012 cm−2¡n¡1013
cm−2) due to the population enhancement. For
a much higher concentration doping (n¿1013
cm−2), both materials behavior like a good
“metal” having free carriers. Hence, electronic
thermal conductivity increases significantly as
a function of carrier concentration.
3 Conclusion
In summary, based on the ab initio calcula-
tions and the Boltzmann equation, we have,
firstly, obtained the lattice thermal conduc-
tivities and thermal transport properties of
penta-silicene and penta-germanene, belonging
to the 2D pentagonal system in group IV el-
ement. We have found that the lattice ther-
mal conductivities of penta-silicene and penta-
germanene are 1.29 W/mK and 0.30 W/mK, re-
spectively, which are much smaller than that of
penta-graphene of 645 W/mK at room temper-
ature.19 More importantly, penta-germanene,
to the best of our knowledge, may have the low-
est lattice thermal conductivity in 2D crystal
materials by far.15 It could be favorable if this
prediction can be further confirmed by other in-
dependent methods, such as molecular dynam-
ics. This ultralow lattice thermal conductivity
can be traced to low phonon harmonic interac-
tion and strong anharmonic scattering. A small
phonon group velocity and a small Debye fre-
quency indicate a weak phonon harmonic inter-
action. A large Gru¨neisen parameter implies a
strong phonon scattering per each phonon mode
and a big volume in phase space means a large
number modes available for phonon-phonon in-
terplay. Together these parameters finally lead
to the ultralow lattice thermal conductivity of
penta-silicene and penta-germanene in the 2D
pentagonal system.
Although penta-silicene and penta-germanene
are metastable structures, penta-silicene
nanoribbon has been successfully synthesized
in 2016 and has shown exotic phenomena,
such as topologically protected phases or in-
creased spin–orbit effects.43,44 Besides, previ-
ous work also theoretically verified that penta-
silicene can be stably grown on the Ag surface,1
which means a proper confining material (e.g.,
a metal substrate) is needed to produce the
titled penta-silicene and penta-germanene in
experiments. In this sense, we hope more ex-
perimentalists could make attempts on the 2D
pentagonal system such as by using the reac-
tive molecular beam epitaxy method.45 The
ultralow thermal conductivity of penta-silicene
and penta-germanene may make a contribution
to the thermal transport of 2D materials and
silicon’s energy harvesting power.2
4 Computational method
The equilibrium geometry and structural sta-
bility were calculated by density functional the-
ory (DFT) implemented in the VASP code.46,47
The exchange-correlation functional of Perdew-
Burke-Ernzerhof (PBE)48 was used. A plane-
wave cutoff energy of 500 eV was adopted and
a Monkhorst-Pack Brillouin zone was sampled
by 11 × 11. The total energy threshold and
Hellmann-Feynman forces between adjacent op-
timization were 10−6 eV and 10−3 eV/ A˚. To
eliminate spurious interactions between peri-
odic slabs, a vacuum separation distance of
20 A˚ was applied. Phonon frequency was cal-
culated in Phonopy49 with a 5 × 5 supercell.
Anharmonic interatomic force constants (IFCs)
were extracted in ShengBTE20 by solving the
linearized Boltzmann transport equation. The
converged κ was obtained after careful parame-
ter testing. The interaction cutoff was 0.55 nm
and the Γ-centered q-grid was 101 × 101. A
scale broadening parameter of 0.1 for Gaussian
smearing was used. Since thickness for 2D ma-
terial is not well-defined, an effective thickness
should be chosen to compare with the 3D mate-
rial. Here, the effective thickness h is defined as
the summation of buckling distance d and two
van der Waals radii of the outmost surface atom
of structure.13,50 For penta-silicene and penta-
germanene, d are 2.44 A˚ and 3.32 A˚, while h
are 6.64 A˚ and 7.54 A˚ , respectively.
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